
Spiral plat

avec courbes terminales

Courbes externe et interne

Anisochronisme en position H 

Spiral plat avec courbes terminales externe et interne 

Anisochronisme en position horizontale

Cas d'une montre bracelet

Caractéristiques du spiral

Référence :E:\Résonateur (TA)\Data\Bal_spiral plat (ex num).mcd(R)

Référence :E:\Résonateur (TA)\Data\Définition Atan.mcd(R)

Dimensions ép 0.03mm= ha 0.15mm= S 4.5 10
3−

× mm
2

= TOL 10
12−

:=

d2sp 4.52mm= dV 1.1 mm⋅:= dB 1.312 d1sp⋅:= psp 0.135mm= nsp

d2sp dB−

2 psp⋅
:=

L π
nsp

2
⋅ d2sp dB+( )⋅:= L 10.674 cm= ψ0 2 π⋅ nsp⋅:= ψ0 4.102 10

3
× deg=

Position du point de raccordement sur le spiral αA π:= rA 0.5 d2sp⋅:= zA rA e
i αA⋅

⋅:=

Forme initiale du spiral

a
psp

2 π⋅
:= rs α( ) rA a α αA−( )⋅−:= x0s α( ) rs α( ) cos α( )⋅:= y0s α( ) rs α( ) sin α( )⋅:=

s α( )
1

2 a⋅
rA

2
rs α( )

2
−



⋅:= s α( ) rA α αA−( )⋅

a

2
α αA−( )2⋅−:=

Courbe terminale externe

rt1 0.8:= rt1 racine 2 rt1⋅ 1−( )4 4 1 rt1−( )4⋅− π
2
rt1

2
⋅ 1 rt1−( )2⋅− rt1,



 rA⋅:= rt1 0.832 rA=

rt2 2 rt1⋅ rA−:= rt2 0.665 rA= β0 arctan
π rt1⋅

2 rA rt1−( )⋅









:= β0 82.695 deg= lt rt2 β0⋅ π rt1⋅+:=

x0t1 αt( ) rA− rt1 1 cos αt( )+( )⋅+:= y0t1 αt( ) rt1 sin αt( )⋅:=

x0t2 β t( ) rt2 cos β t( )⋅:= y0t2 β t( ) rt2 sin β t( )⋅:=

Courbe terminale interne αB mod ψ0 π+ 2 π⋅,( ):= αB 322.4deg= rB 0.5 dB⋅:=

β 121 deg⋅:= β´0 racine β 2 sin β( )⋅ 1−( )⋅ sin β( ) cos β( )⋅+ β, := β´0 121.21 deg=

rt´

rB

2 sin β´0( )⋅
:= rt´ 0.827 rB= x0t αt( ) rB− rt´ 1 cos αt( )+( )⋅+:= y0t αt( ) rt´ sin αt( )⋅:=

x0t´ αt´( ) rB rt´ 1− cos αt´( )+( )⋅+ cos αB( ) rt´ sin α t´( )⋅ sin αB( )⋅−:= l´t rt´ 2⋅ β´0⋅:=

y0t´ αt´( ) rB rt´ 1− cos αt´( )+( )⋅+ sin αB( ) rt´ sin αt´( )⋅ cos αB( )⋅+:= Lt lt L+ l´t+:=

Position des goupilles

de raquettes
rGR rt2:= αGR β0−:= αGR 82.695− deg=

xGR x0t2 αGR( ):= yGR y0t2 αGR( ):=

Position du point

d'attache à la virole
rV x0t´ 2 β´0⋅( )2 y0t´ 2 β´0⋅( )2+:= αV θ( ) Atan x0t´ 2 β´0⋅( ) y0t´ 2 β´0⋅( ),( ) θ+:=

rV 0.55mm= αV 0( ) 216.447deg= xV θ( ) rV cos αV θ( )( )⋅:= yV θ( ) rV sin αV θ( )( )⋅:=

Amplitude stationnaire du balancier θ0 270 deg=

SP avec CT_externe et interne - Anisochronisme en pos H.mcd 1/5 



Spiral plat

avec courbes terminales

Courbes externe et interne

Anisochronisme en position H 

Moment quadratique de section

Référence :E:\Résonateur (TA)\Tables\Modules J, I et W des barres élastiques.mcd(R)

I33 If_rect ép ha,( ):=

Déplacement de la virole libre

Contribution du spiral sans ses courbes terminales

ss α( ) s α( ) lt+:= z0s α( ) x0s α( ) i y0s α( )⋅+:= fs θ α,( ) i θ⋅ exp i θ⋅
ss α( )

Lt
⋅









⋅:=

∆∆∆∆s θ( )
1

Lt π

π ψ0+

αz0s α( ) fs θ α,( )⋅ rs α( )⋅
⌠

⌡

d⋅:= ∆∆∆∆s θ 0( ) 0.164 0.043i+ mm=

Approximation OA rA e
i π⋅

⋅:= OB rB e
i π ψ0+( )⋅

⋅:= f´s θ α,( )
θ

2
−

Lt
rs α( )⋅ exp i θ⋅

ss α( )

Lt
⋅









⋅:=

∆∆∆∆as θ( )
1

Lt
i rA⋅ 2 a⋅+( ) fs θ π,( )⋅ rA f´s θ π,( )⋅−  OA⋅ i rB⋅ 2 a⋅+( )− fs θ π ψ0+,( )⋅ rB f´s θ π ψ0+,( )⋅+  OB⋅+ ⋅:=

∆∆∆∆as θ( )
θ

Lt
e

i θ⋅
lt

Lt
⋅

⋅ rA− i 2⋅ a⋅+( ) OA⋅ rB− i 2⋅ a⋅+( ) e
i θ⋅

L

Lt
⋅

⋅ OB⋅−





⋅

θ
2

Lt
2
e

i θ⋅
lt

Lt
⋅

⋅ rA
2
OA⋅ rB

2
e

i θ⋅
L

Lt
⋅

⋅ OB⋅−





⋅+:=

∆∆∆∆as θ 0( ) 0.163 0.042i+ mm=

Contribution de la courbe terminale externe

z0t1 α t( ) x0t1 αt( ) i y0t1 αt( )⋅+:= z0t2 β t( ) x0t2 β t( ) i y0t2 β t( )⋅+:=

∆∆∆∆t2 θ( )
i θ⋅

Lt
rt2⋅

β0−

0

β tz0t2 β t( ) exp i
θ

Lt
⋅ rt2 β0 β t+( )⋅ ⋅








⋅
⌠


⌡

d⋅:=
∆∆∆∆t2 θ 0( ) 0.074 0.092i+ mm=

∆∆∆∆t1 θ( )
i θ⋅

Lt
rt1⋅

0

π

α tz0t1 αt( ) exp i
θ

Lt
⋅ rt2 β0⋅ rt1 αt⋅+( )⋅








⋅
⌠


⌡

d⋅:= ∆∆∆∆t1 θ 0( ) 0.239− 0.141i− mm=

∆∆∆∆t θ( ) ∆∆∆∆t1 θ( ) ∆∆∆∆t2 θ( )+:= ∆∆∆∆t θ 0( ) 0.164− 0.049i− mm=

Approximations

st2 β t( ) rt2 β0 β t+( )⋅:= ft2 θ β t,( ) i θ⋅ exp i θ⋅
st2 β t( )
Lt

⋅








⋅:= f´t2 θ β t,( ) θ
2

−

Lt
rt2⋅ exp i θ⋅

st2 β t( )
Lt

⋅








⋅:=

lt2 rt2 β0⋅:= Og12

rt2

lt2 β0−

0

β tz0t2 β t( )
⌠

⌡

d⋅:= Og22

2 rt2⋅

lt2
2

β0−

0

β trt2 β t⋅ z0t2 β t( )⋅
⌠

⌡

d⋅:=

∆∆∆∆at2 θ( )
1

Lt
lt2 ft2 θ 0,( )⋅ Og12⋅ f´t2 θ 0,( )

lt2
2

2 rt2⋅
⋅ Og22⋅+









⋅:= ∆∆∆∆at2 θ 0( ) 0.074 0.092i+ mm=
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st1 αt( ) rt2 β0⋅ rt1 α t⋅+( ):= ft1 θ α t,( ) i θ⋅ exp i θ⋅
st1 αt( )
Lt

⋅








⋅:= f´t1 θ α t,( ) θ
2

−

Lt
rt1⋅ exp i θ⋅

st1 αt( )
Lt

⋅








⋅:=

lt1 rt1 π⋅:= Og11

rt1

lt1 0

π

αtz0t1 αt( )
⌠

⌡

d⋅:= Og21

2 rt1⋅

lt1
2

0

π

αtrt1 αt⋅ z0t1 αt( )⋅
⌠

⌡

d⋅:=

∆∆∆∆at1 θ( )
1

Lt
lt1 ft1 θ 0,( )⋅ Og11⋅ f´t1 θ 0,( )

lt1
2

2 rt1⋅
⋅ Og21⋅+









⋅:= ∆∆∆∆at1 θ 0( ) 0.24− 0.145i− mm=

Og1
1

lt
lt1 Og11⋅ lt2 Og12⋅+( )⋅:= Og1 0.632imm=

∆∆∆∆at θ( ) ∆∆∆∆at1 θ( ) ∆∆∆∆at2 θ( )+:= ∆∆∆∆at θ 0( ) 0.166− 0.053i− mm=

Contribution de la courbe terminale interne

z0t´ αt´( ) x0t´ αt´( ) i y0t´ αt´( )⋅+:= st´ αt´( ) rt´ αt´⋅ L+ lt+:= αB 322.4deg=

∆∆∆∆t´ θ( )
i θ⋅

Lt
0

2 β´0⋅

αt´z0t´ αt´( ) exp i
θ

Lt
⋅ st´ αt´( )⋅









⋅ rt´⋅
⌠


⌡

d⋅:= ∆∆∆∆t´ θ 0( ) 0.013 0.015i+ mm=

Approximations

s αt´( ) L lt+ rt´ αt´⋅+:= ft´ θ αt´,( ) i θ⋅ exp i θ⋅
st´ αt´( )
Lt

⋅








⋅:= f´t´ θ αt´,( ) θ
2

−

Lt
rt´⋅ exp i θ⋅

st´ αt´( )
Lt

⋅








⋅:=

Og´1

rt´

l´t 0

2 β´0⋅

αt´z0t´ αt´( )
⌠

⌡

d⋅:= Og´2

2 rt´⋅

l´t
2

0

2 β´0⋅

αt´rt´ αt´⋅ z0t´ αt´( )⋅
⌠

⌡

d⋅:=

∆∆∆∆at´ θ( )
1

Lt
l´t ft´ θ 0,( )⋅ Og´1⋅ f´t´ θ 0,( )

l´t
2

2 rt´⋅
⋅ Og´2⋅+









⋅:= ∆∆∆∆at´ θ 0( ) 0.013 0.015i+ mm=

Contribution du spiral entier

∆∆∆∆1 θ( ) ∆∆∆∆t θ( ) ∆∆∆∆s θ( )+ ∆∆∆∆t´ θ( )+:= ∆∆∆∆1 θ 0( ) 0.014 8.409i 10
3−

×+ mm=

u1 θ( ) Re ∆∆∆∆1 θ( )( ):= v1 θ( ) Im ∆∆∆∆1 θ( )( ):= u1 θ0( ) 0.014mm= v1 θ0( ) 8.409 10
3−

× mm=

Approximation

∆∆∆∆a θ( ) ∆∆∆∆at θ( ) ∆∆∆∆as θ( )+ ∆∆∆∆at´ θ( )+:= ∆∆∆∆a θ 0( ) 0.011 3.685i 10
3−

×+ mm=

Calcul des réactions

p20s
1

Lt π

π ψ0+

αx0s α( )
2
rs α( )⋅

⌠

⌡

d

0

π

α tx0t1 α t( )2 rt1⋅
⌠

⌡

d+
β0−

0

β tx0t2 β t( )2 rt2⋅
⌠

⌡

d+










⋅:=

p20s p20s
1

Lt 0

2 β´0⋅

αt´x0t´ αt´( )2 rt´⋅
⌠

⌡

d⋅+:= p20s 1.403mm
2

=
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Anisochronisme en position H 

q20s
1

Lt π

π ψ0+

αy0s α( )
2
rs α( )⋅

⌠

⌡

d

0

π

αty0t1 αt( )2 rt1⋅
⌠

⌡

d+
β0−

0

β ty0t2 β t( )2 rt2⋅
⌠

⌡

d











+










⋅:=

q20s q20s
1

Lt 0

2 β´0⋅

αt´y0t´ αt´( )2 rt´⋅
⌠

⌡

d⋅+:= q20s 1.391mm
2

=

k0s
1

Lt π

π ψ0+

αx0s α( ) y0s α( )⋅ rs α( )⋅
⌠

⌡

d

0

π

αtx0t1 αt( ) y0t1 αt( )⋅ rt1⋅
⌠

⌡

d+
β0−

0

β tx0t2 β t( ) y0t2 β t( )⋅ rt2⋅
⌠

⌡

d+










⋅:=

k0s k0s
1

Lt 0

2 β´0⋅

α t´x0t´ α t´( ) y0t´ αt´( )⋅ rt´⋅
⌠

⌡

d⋅+:= k0s 0.013− mm
2

=

S0
L

E I33⋅

q20s

k0s−

k0s−

p20s









⋅:= R´ θ( ) S0
1− u1 θ( )

v1 θ( )









⋅:= R´ θ0( )
6.405 10

6−
×

3.908 10
6−

×










N=

R´ θ0( ) 7.503 10
6−

× N=

Approximations

σ2
1

Lt π

π ψ0+

αz0s α( )( )2 rs α( )⋅
⌠

⌡

d

0

π

αtz0t1 αt( )( )2 rt1⋅
⌠

⌡

d+
β0−

0

β tz0t2 β t( )( )2 rt2⋅
⌠

⌡

d+










⋅:=

σ2 σ2
1

Lt 0

2 β´0⋅

α t´z0t´ α t´( )( )2 rt´⋅
⌠

⌡

d⋅+:= σ2 2.794mm
2

=

R´ θ( )
E I33⋅

L

2

σ2
⋅

u1 θ( )

v1 θ( )









⋅:= R´ θ0( )
6.411 10

6−
×

3.983 10
6−

×










N= R´ θ0( ) 7.547 10

6−
× N=

Perturbation de période - spiral non déformé en position de repos

Χ θ( )
∆∆∆∆1 θ( )( )2
σ2

:= γ θ( )
θ
Χ θ( )

d

d
:= Delta θ0( ) 1−

2 π⋅ θ0⋅
0

2 π⋅

ϕγ θ0 cos ϕ( )⋅( ) cos ϕ( )⋅
⌠

⌡

d⋅:=

µ θ0( ) 86400− Delta θ0( )⋅:= µ θ0( ) 0.976= µ 180 deg⋅( ) 0.424=

Χ θ( )
∆∆∆∆a θ( )( )2
σ2

:= γ θ( )
θ
Χ θ( )

d

d
:= δa θ0( ) 1−

2 π⋅ θ0⋅
0

2 π⋅

ϕγ θ0 cos ϕ( )⋅( ) cos ϕ( )⋅
⌠

⌡

d⋅:=

µa θ0( ) 86400− δa θ0( )⋅:= µa θ0( ) 1.118= µa 180 deg⋅( ) 0.441=

Correction du moment d'inertie du balancier

C E
I33

Lt
⋅:= ∆Jb

C

ω0
2

Jb−:= ∆Jb 0.471− mg cm
2

⋅=
∆Jb

Jb
4.708− %=

SP avec CT_externe et interne - Anisochronisme en pos H.mcd 4/5 



Spiral plat

avec courbes terminales

Courbes externe et interne

Anisochronisme en position H 

θm 100 deg⋅ 120 deg⋅, 360 deg⋅..:=

100 150 200 250 300 350 400

0.5

1

1.5

2

2.5

µ θm( )
µa θm( )

θm deg
1−

⋅

Référence :E:\Résonateur (TA)\Le spiral plat\SP avec CT_externe et interne - Approx de Haag.mcd(R)

θm 100 deg⋅ 120 deg⋅, 360 deg⋅..:=

100 150 200 250 300 350 400

0.5

1

1.5

2

µ θm( )
µw θm( )
µah θm( )

θm deg
1−

⋅
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